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Abstract

Removingnoise from signals which are piecewise constant (PWC) is a challenging signal processing problem
that arises in many practical scientific and engineering contexts. For example, in exploration geosciences, noisy
drill hole records must be separated intostant stratigraphic zones, and in biophysics, the jumps between
states and dwells of a molecular structure need to be determined from noisy fluorescence microscopy signals.
This problem is one for which conventional linear signal processing methods deemfeintally unsuited. A

wide range of PWC denoising methods exists, including total variation regularization, mean shift clustering,
stepwise jump placement, running median filtering, convex clustering shrinkage, bilateral filtering, wavelet
shrinkage andiiden Markov models. This paper builds on results from the image processing community to
show that the majority of these algorithms, and more proposed in the wider literature, are each associated with a
special case of a generalized functional, that, wherimized, solves the PWC denoising problem. We show

how the minimizer can be obtained by a range of computational solver algorithms, including stepwise jump
placement, quadratic or linear programming, finite differences with and without adaptive stepested

running medians, least angle regressipircewiselinear regularization path following, or coordinate descent.
Using this generalized functional, we introduce several novel PWC denoising methods, which, for example,
combine the global balviour of mean shift clustering with the local smoothing of total variation diffusion, and
show example solver algorithms for these new methods.-téelaglad comparisons between these methods are
performed on synthetic data, revealing that our new methade a useful role to play. Finally, overlaps
between the generalized methods of this paper and others suavelst shrinkage, hidden Markov models,

and piecewise smooth filtering ai@iched on

Keywords: piecewise constant signafiltering, noise removal shift, edge step change change point
singularity, level segmentation

1. Introduction

Piecewise constant (PWC) signagxhibit flat regions with a finite number of abrupt jumps that are
instantaneous, or effectively instantaneous because the transitions occur in between sampling intervals. These
signals occur in many contexts, including bioinformag®sijders et al., 2001 )astrophysicéOLoughlin, 1997)
geophysicgMehta et al., 1990)molecular biosciencg$Sowa et al., 2005and digital imageryChan and Shen,

2005) Figure 1 shows examples of signals that could fit this description that are apparently contaminated by
significant noise. Often, we are interested in recovering the PWC signal from this raigpsome kind of

digital filtering technique.

Because such signals arise in a great many scientific and engineering disciplines, this noise filtering problem
turns out to be of enduring interest. However, it goes under a confusing array of names. Ajuaiggan be

called ashift, edge step change change point or less commonlysingularity or transition (sometimes
combined, e.gstep changg and to emphasise that this jump is instantaneous, it can occasionally alshe

fastor abrupt The costant regions are often also calleslels Bearing in mind that finding the location of the
jumps usually allows estimation of the level of the flat regions, the filtering process itself (Lsualbyhing

can also be calledetectionor approximation and less commonlclassification segmentation, findingr
localization

Statisticians have long been interested in this and related problems. Some of the earliest attempts to solve the
relatedchange point detectiopr o bl em ar os e siatistcal prazesslcdnbrdinbnsanufaaiuring

(Page, 1955)which began a series of statistical contributions that continues to this day, see for example
(Pawlaket al., 2004) The running median fitewa s i nt r o d u c gTukey, h977)ad & propcsed0 6 s
improvement torunning mean filtering bringing robust statistical estimatiotheory to bear on this problem.
Following this, robust statistics features heavily in a diverse range of approaches reported in the(Stagidtics

2007) signal processingElad, 2002; Dong et al., 200@hd applied mathematics literate@ather et al., 2006)

The PWC with noise model is also important for digital images, because edgespoading to abrupt image
intensity jumps in a scan line, are highly salient feat(kerr and Hildreth, 1980)Therefore, noise removal



from PWC signals is of critical importance dagital image processingand a very rich source of contributions

to the PWC filtering problem havéeen devised in the image signal processing community, such as
mathematical morpholog§Serra, 1982)nonlinear diffusionfiltering (Perona and Malik, 1990)otal variation
denoising(Rudin et al., 1992a nd r el at ed approaches, developed througd
established strong connections with, and assimilated some of the earlier work on, robust (iledng@002;

Mrazek et al., 2006)The fact thapiecewise Lipschitiunctionsare good models for PWC signals implies that

they have a parsimonious representation imaaelet basigMallat, 2009) and wavelets for PWC denoising

wer e i ntr odu ¢MaldatandiHwand, €992 9 90 06 s

In apparent isolation from the image processing and statistics communities, other disciplines have described
alternative algorithms. Beginning in the 197006s, e X [
denoising &orithms, includingstepwise jump placeme(®ill, 1970) 7 apparently reinvented almost 40 years

later by biophysicistg§Kerssemakers et al., 2006) | n t hiddenIMa&d¥ énsdel@Godfrey et al., 1980)

were introduced by geophysicists, ws (EHung letiab, A999)s i ¢ s f «
Neuroscientists described novel nonlinear filters that attempt to circumvent the edge smoothing limitations of
running mean filtering around the same tif@ung and Kennedy, 1991)

Superficially, this problem doea®ot appear to be particularly difficult, and so it is reasonable to ask why it still
deserves attention. To answer this from a signal processing perspective, abrupt jumps pose a fundamental
challenge forconventional linear methods.g. finite impulse igonseinfinite impulse response or fast Fourier
transformbased filtering. In the Fourier basis, PWC sigraisverge slowlythat is, the magnitudes of Fourier
coefficients decrease much slower with increasing frequency than theciemeffifor continuous functions
(Mallat, 2009) Signal recovery requires removing the noise, and conventional linear methods typically achieve
this by low-pass filtering that is, by remoal of the high frequency detail in the signal. This is effective if the
signal to be recovered is sufficiently smooth. But PWC signals are not smooth, apddswiltering of PWC

signals typically introduces large, spurious oscillations near the jumpsrkasGi b b 6 s p (Mallatpo me n a
2009) The noise and the PWC sigmalerlap substantiallyin the Fourier basiend so cannot be separated by

any basic approach that reduces the magnitdd®me Fourier coefficients, which is how conventional-low

pass noise removal works. This typical inadequacy of conventional linear filtering is illustrated in Figure 2.
Therefore, we usually need to invokenlinearor non-Gaussiantechniques (that is, ere the variables in the
problem are not assumed to be normally distributed) in order to achieve effective performance in this digital
filtering task. The nonlinearity or ne@Gaussianity of these techniques makes them harder to understand than
linear teclmiques, and, as such, there is still much to discover about the PWC denoising problem, and it remains
a topic of theoretical interest.

The literature on this topic is fragmented across statistics, applied mathematics, signal and image processing,
information theory and specialist scientific and engineering domains. Whilst relationships between many of
algorithms discussed here have been established in the image processing and statistics coinsuatitias

the connections between nonlinear diffusion, stlfiltering, total variation denoising, mean shift clustering and
wavelets(Candes and Guo, 2002; Elad, 2002; Steidl et al., 2004; Chan and Shen, 2005; Mrazek et al., 2006;
Arias-Castro and Bnoho, 2009) here we identify some broader principles at work:

1. The problem of PWC denoising is fruitfully understood as eifiiecewiseconstant smoothingr as
levelset recovenpwing to the fact that typically, there will be either only a fewatexd jumps in the
signal, or just a few, isolated levels. The piecewise constant view naturally suggests methods that fit
degree (constant) splings the noisy signal and which typical find thenp locationsthat determine
the levels. By contrast, tHevelset view suggestslusteringmethods that attempt to find the levels
and thus determine the location of the jumps,

2. Building on work from the image processing literature, all the methods we study here are associated
with special cases of a generatizdunctional equation, with the choice of terms in this functional
determining the specifics of each PWC method. A f
into the terms that go to make up this functional. We show here that this functionaladlybro
applicable to a wide set of methods proposed across the disciplines,

3. All these methods function, either explicitly by the action of the solver, or implicitly by nature of the
generalized functional, by application o§ample distance reduction pripd& to minimize the sum in
the functional, the absolute differences between some samples in the input signal has to reduce
sufficiently to produce solutions that have what we call BWC property A solution with this
property has a parsimonious repréagion as a constant spline or leget,

4. All the PWC methods we study here attempt to minimize the generalized functional obtained using
some kind ofsolver Although, as presented in the literature, these solvers are all seemingly very
different, we showthat these are in fact special cases of a handful of very general concepts, and we
identify the conditions under which each type of solver can be applied more generically.



These findings provide us with some structural insights about existing methotiseanelationships that we
explore in this paper, and allow us to develop a number of novel PWC denoising techniques, and some new
solvers, that blend the relative merits of existing methods in useful ways. The detailed nature of the extensive
ground workat the start of this paper is necessary to make it clear how the novel methods we propose in later
sections are both relevant, useful and solvable in practice.

A summary of the paper is as follows. Section 2 motivates and formalizes the spline aisdtlevedlels for
discretetime PWC signals. Section 3 introduces the generalized functional that connects all the methods in this
paper, and describes how this functional can be built from component functions. It introduces the sample
distance reduction prifgde. It shows how existing PWC denoising algorithms are associated with special cases
of this functional. Section 4 discusses general classes of solvers that minimize the generalized functional, and
some new observations about existing PWC denoising metti@t arise when considering the properties of
these solvers. Synthesising the knowledge from these earlier sections, Section 5 then goes on to motivate and
devise new PWC denoising methods and solvers. Section 6 compares the numerical results deéhgogha

PWC denoising tasks, and discusses the accuracy of methods and efficiency of different solvers. Finally, Section
7 summarises the findings of the paper aodnects tmther approaches, including wavelets, HMMs, piecewise
smooth filters and nonlinear diffusion PDESs, anentiongpossible directions for future research.

2. Piecewise constant signals as splines and level  -sets

In this paper, we wish to recover @nsample PWC signal N s, for 'Q plt8 0. We assume that the

discretetime signal is obtained by sampling of the continutine signald o, 68 o fd (note that the use of

iti med here simply stands i n fuesnordered by the mdd®rotaddavé t he s |
will often suppress the index for notational clarity). The observed signal is corrupted by an additive noise
random proces@ N a,i.e.w a Q

PWC signals consist of two fundamental pieces of informationetleds (the values of the samples in constant
regions), and the boundaries of those regions (the locations of the jumps). A common theme in this paper is the
distinction between (a) PWC signals described by the locations of the jumps, which in turnradetbemevels
according to the specifics of the noise removal method, and (b) signals described by the values of the levels,
which then determine the location of the jumps through the properties of the method.

By way of motivating the jump interpretatiowe consider Steidét al. (2006) showing that the widely used

total variation regularizatiorPWC denoising method has, as solutions, a set of disimdeconstant edegree

splines where the location of the spline knots is determined by the regularization pararaetethe input data

@ This result provides the first intuitive model for PWC signals as constructed from constant splines, and PWC
denoising as apline interpolation problemThe spline model is usually a compact one because it is generally
the case that the PWC signal to be recovered has only a small nundiirootinuities relative to the length of

the signal, that is, only a femmps occurring between indic&sndQ p whered & . Thel jumps in

the signal occur at thepline knotswith locations i A 8 i (together with the fAbound
ang‘l 5 0 p for completeness). The PWC signal is reconstructed from the values of the constant levels
aha8 a and the knot locations, e@. « fori Q i,whereQ plx8 0O p.

Alternatively, one can view the problem of PWC denoising atusterirg problem classically solved using
techniques such asean shiftor K-means clusteringCheng, 1995)In this context, it is natural to apply the
levelsetmodel, and indeed, this may sometimes be more useful (and more compact) than the spline description
(Chan and Sher2005) The levelset for the valué™ m (mrefers to the set of all unique values in the PWC
signal), is the set of indices correspondingit® & "G 0 8The complete leveset over all values of the

PWC signals is formed from the union of these leasdts, which also makes up the complete index set,

3 z. 30 plt 8 O . The levelsets form a partition of the index set, so that = 3 & n for all

a & wheredhx N m A succinct representation of each leset can be constructed using only the left and

right boundary indices of each contiguously numbered range of indices that make up easdt |8 spline

and levelset descriptions are, of course, readily interchangeable using appropriate transfarmati

Since this paper is concerned with disctitee signals only, the definition of a PWC signal used in this paper is
that they have aimple representations either 8degree splines or as lev&its. By simple, we mean that the
number of jumps is smatompared to the number of sampléstt L p, or, that the number of unique levels is
small compared to the number of sam@gsfu L p. If a signal satisfies either condition we say that it has the
PWC property

3. A generalized functional for PWC denoising
As discussed in the introduction, all the PWC denoising methods investigated in this paper are associated with
special cases of the following general functional equation:



"0a yo afl o o0 (3.1)

Hereis the input signal of length, andd& is the output of the noise removal algorithm, of lengthThis
functional combinedlifferencefunctions intokernels andlosses See Tables 1 and 2 and the next section for
details.In practice, useful kernel drloss functions for PWC denoising are typically of the form described in the
tables. A large number of existing methods can be expressed as special cases of the resulting functional
assembled from these functional components (Table 1). Vas@uerscanbe used to minimize this functional

to obtain the output , these are listed in Table 3.

3.1 Differences, kernels and losses

As described in Table 1, the basis of the unification of these methods into a single functional equation, is the
quantification of thalifferences between all paic$ input wand output samples, and their indice#IQ(Table

1a). In the statisticalterature, the generalized functional (3.1) would typically be derived from specification of
likelihood and prior distributions, where the likelihood would involve termscén & and the prior involve
functions ofd & . A minimizer for the functioal would be aegularized maximum likelihoogr maximum
a-posteriori estimatarIn this paper, we will therefore describe termsoin & aslikelihoodterms, and terms

in&d & asregularizationterms.

Using these differencefyss functiongTable 1c) andkernels(Table 1b) are constructed. By kernels, here we
simply mean nornegative functions of absolute difference (we call thigsance, which are usually symmetric.
The loss functions are naregative functions of distances. We define two d#ferkinds of lossessimple
losses that increase with distance, anthposite lossethat are only increasing with distance over a certain
range of the distance. The derivative of the loss functionintteence functiona term borrowed from the
robust $atistics literature) plays an important role in some iterative algorithms for minimizirfgribigonal (in
particular, see &tion 4.5, on finite differences below). With composite loss functions, the influence function is
seen to be a product of an associated kernel term that representgtiitideof the gradient of the loss, and a
term that represents thirection of the gradient of the loss. In this paper, we will focus on simple symmetric
distance functions. The three cases we will focus omamezero county 1 defining 305 , which is zero ifQ

is zero, and one otherwise. The cgse p corresponds to thabsolutedistance, and] ¢ corresponds to the
squaredistanced(s 7¢.

We distinguish between differences in tr@uesof input and output sample&y & ,& a andw o,
and the difference between tbequencef samplesQ "QThus, a kernel based onfdifences between pairs of
variablescft we call avalue kernelto distinguish it from a kernel based @h "Qwhich we call asequence
kernel We make further distinctions betwelesrd andsoftkernels Hard kernels are nexero for some range of
distarces, and outside this range, they are zero. Soft kernels takeermmalues for all values of the distance.
We also describe the trivial kernel that is 1 for all values of distance agdibal kernel When used as a
sequence kernel the global kernelams that all pairwise terms enter into the sum, and when used as a value
kernel it implies that all differences in value are weighted equally. All other kernels are théwefdiesrnels.
The special local sequence kern&) p and‘0OQ Tt isolate onlyadjacentterms in the generalized
functional sum, and terms that aakgnedto the same index value, respectivelylere CY is an indicator
function which takes a value of 1"fis true and zero otherwise).

The loss functions are assembled into thection ¥ in (3.1) that quantifies the loss incurred by every
difference. Summation of over all pairs of indices in the input and output signals leads to the functiomal
to be minimized with respect to the output

3.2 The sample distance reduction  principle

The generalized presentation of the PWC denoising methods in this paper allows us to see that the basic
operation of these methods is to reduce the distance between samples in the input signal. In this section we give
a nonrigorous explanationof this behaviour. As the simplest example, consider ¢ & 71n; forf p

this leads to a convex functional that has the optimum, constant sofutiond (this can be shown by
differentiating”O with respect to each and setting each equatiom zero). Throughout the paper we use the
notationd to denote the output signal obtained at iterafof a solver (we thus have a mixed notation in

which the context defines the interpretationnafit can either be the unknown PWC signal we arengryo

estimate or represents our current best estimate). Our solvers would typically be initialiséd wittb and

then successive attempts at solutialns, are conditional on past attempé/e expect good iterative solvers
initialized with & w to reduce the distance between input samples in successive iterations, the natural

termination of this process being the constant solution & This occurs with the simple los§ & T



that increases with increasing difference, and minimizingtabed sum of losses requires that the differences
must be reduced in absolute value.

Of course, this trivial constant solution is no use in practice. One way in which this trivial solution is avoided is
by regularization for the purpose of illustrationpasider the functional arising from pif ® a 0Q

n rMma& a forf p (see Table 2). The resulting functional has the property that when the
regularization parametgr T1the optimal solution i&c &y but ag © Hb, the second termlominates, forcing

the samples in the output signal to collapse onto a single constant. A useful PWC output consisting of several
different levels might lie between these two extremes.

The trivial constant solution is also avoided by the introduction wfdte. Consider, for example, the sofean

shift functionaly p A@Br & & I\ I forn p (See Table 2), and an iterative solver initialized

with & @ With this modification to the simple loss function (Table 1c), the loss attached to distances
between samples does not increase strongly with increasing differences: beyond a certain distance, the loss
remains effectively unchanged. Thus, in minimizing the total sum of losses in the functional, some pairs of
samples are forced closer together, waerethers are free to become further apart. Those that are constrained
eventually collapse onto a few levels. Therefore, a minimum of the functional is often a useful PWC solution.
Note that the trivial constant solution is a minimizer, but because tltidoal is not convex, a netnivial

PWC solution is usually reached first by a gradient descent solver.

Sequence kernels allow the distance reduction to become localised in index. Fbifusien filter ¥

& & '0Q Q p witha wandn p, only samples that are adjacent to each other must become
closer to each other under minimization of the functional (see Section 4.3). The difference between samples that
are not adjacent is irrelevant. Locally constant runs of similar values can therefore éonprgduce a PWC

output. Note that here, for the cage ¢, the only possible PWC output is the trivial constant output because

the diffusion is then linear.

Kernels applied to differences of the input samples alone can also prevent the output frasigodlawn onto

a single constant. For example, by modifying the simple loss (Table 1c) with the hard kernel (Table 1b) applied
to the input differences, asm pip @ & Ow w T w , N p, with solver initialization

a @ only those sampgéein the output signal thatave the same indess samples in the input signal that are
close in value, end up making a contribution to the sum in the functional. Because of this, minimizing the
functional requires only that the distance between thoselsanmpthe output signal must be reduced, the rest

are unconstrained. Therefore, the outputs that minimize this (convex) functional can include ones that consist of
more than one level.

3.3 Existing methods in the generalized functional form
Diffusionfiltering-type methods

These methods, withr pfj @ & O0Q Q m & & 'OQ Q p, can be understood as
combining sequentially aligned likelihood terms with adjacent regularization terms (see Section 3.1), using
simple losses, with the regularization paramgtewe mention the casg 1 ¢ for completeness: this can

be solved using dcyclic) running weigted mean filteror using Fourier filtering (see Section 4.3). It is,
however, of no practical use in PWC denoising because it is purely quadratic, and hence has a linear filtering
operation as solver, a situation discussed in the introduction. Of moeeisdhe case wherg ¢ andr p:

this is total variation regularization(Rudin et &, 1992) Wherery ¢ andr] 1, we obtain manyump
placement methods that have been proposed in the scientific and engineering lite(&ilre 1970;
Kerssemakers et al., 2006; Kalafut and Visscher, 2008 corresponding diffusion filtering methods, that are

not constrained by the input signal (but that typically have the signal as the initial condition of an iterative
solver: & &), areobtained when the likelihood term is removed, e.g. with pf} @ & 0Q Q

p.

Convex clustering shrinkage

This clustering method has pf¢ @ & 0Q Q m [ & & , andcombines aligned differences

in the likelihood term with a global refguization term with regularization parameterlt uses only simple

losses. The likelihood term uses the square loss, whereas the regularization term has absolute value loss
(Pelckmans et g12005)



Mean shift clusterindype methods

This class of methods uses global likelihoods or regularizers, where the losses (Table 1c) are associated with
hard, local value kernels (Table 1b). For | ETa & ho hcoupled with an adaptive stsize fnite

difference solver, we haveean shift clusteringand withy [ ET® @& ho we obtain a clustering

method that has important similaritiesKkemeans clusteringwe will call thislikelihood mean shiffFukunaga

and Hostetler, 1975; Cheng, 1998)so see Section 4.8ince these methods use composite losses as defined in

Table 1c, differences between samples have to be small in order to make a difference to the value of the
functional. Hence, samples that start off close under some iterative solver initialised witly will become

closer under iteration of d hef fsodtveof t cicedameulceds t
further details).

Bilateral filtering-type methods

These methods exploit soft value kernels, and hard sequence kernegs riegtharization term, and have

¥ p Agp a & T '08Q '@ . One way of describing these methods is that they are similar
to mean shift clustering with soft value kernels, but combined with sequentially local, hard kitreedsk et

al., 2006) They therefore inherit some of the clusteraffect of mean shift clustering, but also the effect of
clustering due to sequence locality.

4. Solvers for the generalized functional and some new observations for

existing methods

We distinguish two broad classes of solvers for the generalized functjap#ihose that directly minimize the
functional, and (b) those that solve tlescent ordinary differential equation€®DES) obtained by
differentiating the functional with respect éo. In category (a) we fingreedymethods that attempt to fit a O
degee spline to the noisy signal, convex optimization methods inclugiegr and quadratic programming
coordinate descensubgradienand many others. In category (b) we find a very large number of techniques that
can be identified asumerical method#or the(simultaneousjnitial value problemwe obtain by differentiating

the functional with respect to the output sigaial The goal of this section is to discuss these solvers in the
context of important PWC denoising methods that have found fregeernh practice.

Here we expand upon the descent ODEs in a special case that is important for those solvers in category (b). A
minimum of the generalized functional is obtained &t & 1t for each’Q plg 8 O (which parallels the

first-order optimality condition in variational calculus). It will not be possible in general to solve this resulting

set of equations analytically, s 06 odand taguave thiattidd i s t o
sdution in the direction that lowers the value"@fthe most, until the solution stops changing at a minimum of

the functional. This is the idea behind the (steepest) descent ODEs defid@dfas T '@ a , with the

initial conditons& 1  ®. The solution depends on the solver parameteMany of the algorithms we

describe in this paper can be written inthefarm™O® & I Q Q ¢ "& & I "Q Qwhere'GiO

are loss functiond| ; are any sequence kernels, ani$ the regularizion parameter, and the steepest descent
ODEs are then:

— - OCw & -1 QQfr ©0Oa- a-11700 (4.1)

Here the dependence of the outputs on the solver paraméi@s been made explicit, but we will usually
suppress this for clarity. Typically, it is arranged such that, whent, & & andwis often used as the initial
condition for these ODEs. As the ODEs are evolved forward ie outputht becomes closeio having the
PWC property on each iteration.

4.1 Stepwise jump placement

A conceptually simple and commonly proposed algorithm for directly minimiZing is stepwise jump
placementhat starts with a spline with no knots as a trial solution and then introduces them to the spline one at
a time (Gill, 1970; Kerssemakers et al., )Kalafut and Visscher, 2008The location of each new knot is
determined bygreedy searchthat is, by a systematic scan through all locati®nsplt 8 0, finding the location

that reduces the functional the most at each iteration. If the iterapips after a few knots, this ensures that the
solutions satisfy the PWC property. At iteratiéhwe denote the spline knot locations adi f81 . Then the

values of the constant leveld i 8 & are determined that minimize the generalized fonel given these

fixed knot indices. Stepwise jump placement methods typically define a functional of the form:



Oa "Q pIgc @ & '0Q Q m Q a a o op (4.2)

where "BiQare strictly increasing functions and sincethey are increasing, this functional has the same
minimizer as the functional obtained from pf¢ @ a CTQ Q nm _a & 'OQ Q p,witha
regularization parameter  rtthat is determined by either the properties of the input signal or the choice of the
number of jumps. In particular, the method of Kalafut and Viss(2@®8) has Qi 01 TiCand Qi

I T{Ci. Since the number of jumps is fixed at each iteration, the optimum levels in the spline fit are just the
mean of the samplesfor each level:

@ - pl @ (4.3)

for 'Q plt8 Q p. Only the likelihood term must be evaluated to perform the greedy scan for the index of
each new knot at iteratioR® p. Given the functional above, it can be that no new knot index can be found that
reducesOa below the previous iteration; this is used as a criteria to terminate the placement of new knots
(Gill, 1970; Kalafut and Visscher, 2008ptopping after a pdetermined number of jumps have been placed
(Gill, 1970), or determining a peak in the ratio of the likelihood term to the likelihood evaluated using a
fi gunterf i (Kebssemakers et al., 2008jmilar in spirit to thé=-ratio statistic in analysis of variancare tvo

other suggested termination criteria.

4.2 Linear and quadratic programming

For purely convex problemgthat is, problems where the loss functions are all conved )inthe unique
minimizer for 'O0a can be found using standard techniques from convex optimizd8myd and
Vandenberghe, 2004 particular, both total variation regularizati¢Rudin et al., 1992and convex clustering
shrinkage(Pelckmans et al., 2008anbe transformed into a quadratic program (quadratic problem with linear
inequality constraints), which can be solvedirtgrior-point techniques. Fast, specializedmal-dual interior-

point methods for total variation regularization have been developedthg(Kim et al., 2009) The scope for

linear programs is very wide, it applies to loss functions such as the loss based on the absolute distance, but also
for asymmetricquantile lossfunctions such a® Q n 0Q m 'Q wheren is the appropriate quantile

AN 7dp . Quantiles areninimizers for these asymmetric losses, the median being the special, symmetric case
(Koenker, 2005)and these lossegould be useful if it is expected that the noise distribution has asymmetric
outliers.

4.3 Analytic solutions to the descent ODEs

In general, all useful PWC methods have functionals that cannot be minimized analytically; it is informative for
the flow ofthis paper, however, to study a functional that can be solved analytically, even though it is not a
useful in practice. For the special case of simple square loss functions, minimizatiorfuofctienal can be
carried out directly using matrix arithmeti/e start by consideringear diffusion filtering

¥ pfca & 0QQ p (4.4)
The associated initial value descent ODEs are:

Ad 10

—_— — 5 ) 4.5

- Ta a ca a (4.5)

with @ 1 @& the boundary cases defineddoyk mfor ' Q pandQ 0. We can write this in matrix form as
QarQ—- 0 awhered is thesystem matriwith ¢ on the main diagonal, andp on the diagonals above and

below the main diagonal. This can be understood sesn@discreteheat equationwith the right hand side

being a discrete approximation to the Laplacian. This set of homogeneous, linear, constant coefficient ODEs can
be solved exactly by finding the eigenvalueand eigenvectors of the system matriwhich are:

o QL PP O X O LU S
_ ¢ CcAl 8—p hw OEJO—p h QQ plt8 0 (4.6)

The matrix of eigenvectore is orthogonal, and can be made orthonormal without loss of generality. This
matrix is then unitary s@ @ @ , and the solution is written explicitly in terms of the eigenvectors:



oAop-
a- 6 8 4.7
wAgb-

The ) constants of integratio@are determined by the initial conditién 1 G by calculatingd ¢ wThis

matrix operation can, in fact, be seen to be digerete sine Fourier transforrof the input signal, so the
constants are Fourier coefficients of the expansion of the solution in the sine basis, and the solution is merely the
inverse discrete sine transform of the discrete sine Fourier domain representation of the input signacithere
frequency component is scaled By@ Br . Since the eigenvalues are always negative, the contribution of
these frequency components in the solution decay with increasiegding to zero as© Hb. This confirms,

by a different route, that the stibn can only be entirely constant when all samples are zero. Additionally,

_ _ forall'Q plt8 0 so that high frequency components decay more quickly with increasihgn

lower frequency components. Therefore, high frequency fluctuationsodo@ige are quickly smoothed away,

and slowlyvarying frequency components remain.

We will now make a connection to theeighted running mean filtea ubiquitous linear smoothing technique.
The linearity and translation invariance with respeet tf this system allows the solution to be written in terms
o f a (circular) convolution with the Greends functi.
Using the special initial conditiolm 17 pfor'Q W¥cQandad m mot her wi se, naidns: Gr eends

Adps—
Q6O Gam 2 é (4.8)
Agp s

for a particulars— 11 (here 2 denotes the entrywise product). Because multiplication of the frequency
components is equivalent to convolution in the donfame can now write the solution as:

7
a 3= Qe Q @ (4.9
7
wherewi ndi cates circul ar ~conQi el wtfi otnh.e T hoer nGroefe nad sG af uusnscit
the middle of the signal. Iterating the convoluti@times, W, gives the solution at multiples af-, i.e.
ad @ Ok @ For smallz—, the Gaussian pulse has smal/l effecti

centered around the Gaussian pulse, can be truncated to produce an (inerigteidd running meafilter with
short window lengthcwo p  0:

a Qa (4.10)
with a wand theqw pweight s, obtained by <centering and tr
normalizedB "Q p. At the boundaries we defide k mfor "Q pandQ 0. The smoothing behaviour

of this linear filter is useful for noise removal, but, as discussed in the introduction, since jumps in PWC signals
also have significant frequency contributions at the scale of noise fluctuations, these are smoothed away
simultaneously. Thus, the smoothing functional obtained by the square regularization loss is of little practical
value in PWC denoising applications, despite the tantalizing availability of an exact analytic minimizer and its
practical implementation as a simplening weighted mean filter.

4.4 Iterated running median filter

While it was seen above that the iterated running (weighted) mean filter is of no essential value in noise removal
from PWC signals due to its linearity, the nonlingarated running media filter has been proposed instead.

This finds the median (rather than the mean) of the samples in a window ofdemgttp that slides over the

signal:

a i AAEAT B M AOCIi Elg ‘s (4.11)
Ng

with & @.and the boundaries are defined throdghk 1t for 'Q p andQ 0. The above minimization
expresses the idea that the median is the coristdradt minimizes the total absolute deviations frorof the
samples in each window. This contrasts with theiéégeighted) running mean filter which minimizes the total
squareddeviations instead. It is wellnown that the running median filter does not smooth away edges as
dramatically as the running mean filter under conditions of low noise sflestiisson, 1981; ArigSastro and



Donoho, 2009) and therefore this filter has value as a method for PWC denoising in a limited range of
applications.

Iterated median filtering has some value as a metho®Weé€C denoising, so it is interesting to ask how it is
related to other methods in this paper. We observe here a connection betakeariation diffusion filtering
and the iterated median filter. We prove in the appendix that applying the median iiliewmdow size

Cw p O to a signal cannot increase tteal variation of the signal, e.g’Yx “Yod , where
Yo B & a s If we consider a numerical solver for the total variation diffusion ODEs obtained
from the generalized functhal withy & & 0Q Q p:

Aa . ;

- och «a och «a (4.12)

with the initial conditiond T @ this solver must also reduce the total variation on each iteration (because it
is an integrator that lowers the total variation functional at each iteration). The window length 3 iterated median
filter differs from such an integrator because every isgfamedian filter converges or@ot signalthat depends

ona that is, a signal that is fixed under the iteration of the fijkece, 2005) Therefore, unlike the solution to

the total variation diffusion ODEs (that eventually leads to a consignal with zero total variation) this
iterated median filter cannot remove all jumps for all sigaaland so it does not necessarily reduce the total
variation to zero. Determining the knots in the spline representation is not a simple matter iferatee
median filter. After convergence, whether the solutions have the PWC property depends upon the initial
conditions, and the number of iterations to reach convergence.

4.5 Finite differences

Few other solvers have such widespread applicability azerical methods for the descent ODEs (4.1). For
example, in Section 4.6 we will see that many important PWC clustering algorithms can be derived as special
cases of such numerical methods. Initial value problems such as (4.1) can be approximatelydintsEgoptsy

of a wide range of numerical methods, includiager (forward)finite differencegMrazek et al., 2006)

a & = 04 ol QQ = ™0Oa & I Q70 (4.13)

wheres— is the step size, together with initial conditi@n &, a set of constus.

This is accurate to first order in the step size. Higher order accurate integrators could be used instead if required.
In the special case wheadl the loss functions are convex and differentiable, this method must converge on the
unigue minimizer fo"O & . If any one of the loss functions is not differentiable everywhere, then convergence
is not guaranteed, but achieving a good approximation to the minimizer may still be possible, particularly if the
loss function is nomifferentiable at only a smadet of isolated points. If the loss functions are not convex but
are differentiable, then convergence to a minimizer for the functional is guaranteed; but this may not be the
minimizer that leads to themallest possiblevalue for the functional. Withoudifferentiability, then
convergence cannot be guaranteed either. Foiconomex losses, one useful heuristic to gain confidence that a
proposed solution found using finite differences is the minimizer associated with the smallest possible value for
the functional is to restart the iteration several times from randomized starting conditions and iterate until
convergence (or approximate convergence). One can then taleolthion with the smallest value of the
functional fromthese (approximately) converged solutions.

4.6 Finite differences with  adaptive step sizes

In this section we will obtain many standard clustering algorithms as special cases of the finite differences
introduced above. For the Euler forward finite difference solver, the fixed step-sizan be replaced with an
adaptive ste size. This trick can be used to denwean shiftand thesoftversion of this method, as well as the
bilateral filter (Mrazek et al., 2006)but it can be used more generally. We note here that the pé&poieans
method is conceptually extremely similar although not a direct special case afntt®rial (3.1). In this
section, we show how to derive a method we ldedlihood mean shiftsee Table 2)hatis a relevant special

case of the functional (3.1).

As discussed earlier, if the loss function is composite (Table 1c), then the influence functioprédtiet of a
kernel and a direction terCheng, 1995)In particular, for the local, hard loss functiohsE B and

I E®>®Tchw , the influence functions ar©@ss ®@ OCD and 0BT @ 'Q so in the latter
case, the kernel is the hard window of sizeand the direction term is just the differeffee

With composite square loss functions, suchiak E0s Tcho , and by (4.13), the Euler finite difference
formula can be:



o} a 3~ 0Va w gt w a ol QQ
(4.14)
rs— 0Oa a ¢ o a a I Q7
wherell is any sequence kernel (here, for simplicity, we have shown the case where the form of the kernels

used in the likelihood and regularization terms are the same, but they need not be in general). $&dvanwe
appropriate adaptive step size:

3— Dad oI oI Q70Q Da a I o Il Q0 (4.15)

ensuring steps become larger in flatter regions. Classical mear{Sifion 3.3 and Table) 21ses the hard
local, square loss function; the sequekemel is global, so the finite difference formula becomes:

a & 3= 0ua a ¢ o a a (4.16)
Replacing the step size with the adaptive quastity B O & a ¢ o , after some algebra
we get:
B 0a a ¢ o a

a (4.17)
B ™Oa a ¢ o

which is the classical mean shift algorithm that replaces each output sample value with the mean of all those
within a distanceab . What we are callingikelihood mean shifSection 3.3 and Table ,2has, similar tanean

shift the adaptive stepize, 3— B ™Oa a ¢ w leading to the iteration:
B 0a a g o o
& (4.18)
B 0Oua a ¢ w

that replaces each cluster centraidiQ p8 O with the mean of all thénput sampleswithin a distancab .
Soft versions of both algorithms are obtained by using the soft kernel instead of the hard kernel.

Up until now it has been assumed that that for each sample va{ue,ahere is a corresponding estimate for

the PWC signaft ;inthiscase "Q 0i s acting as an index for @Atimeo fo
our particular discussion &-means below it is necessary to allow that the index ofieed not be proxy for

time but instead indexes each distinct level in the PWC output signal: there mighdisgnct levels in the

PWC output signal and it is possible that 0 8Deriving the classicaK-means algorithni requires the

construction of the valukeernel:

I aho O0a AOCIZKET ws (4.19)
which is the indicator function of whether the cluster centéoia the closest to the input sampleThen the
iteration:

B I a wo

a -
B I & hw

(4.20)

can be seen to replace the cluster centroids with the mean of all samples that are closer to it than to any other
centroid. Cheng1995)shows thalt & hw can be obtained as the limiting case of the smooth function:

AP &4 o Ic
B A@Dbr a o Ig

ol & hw (4.21)



whent © Hb. Indeed, for finitd , this yields the sofK-means algorithm. However, as we discussed above
(Section 3.3), there are two reasons why the clagsica¢ans algorithm departs from the generalized functional
(3.1) in ths paper. The first is because the number of distinct output sampleskrntkans algorithm is

0,a for'Q plt8 0. However, if there are many less thénlevels in a PWC signal, thi-means solver
typically merges the input samples down otfitis small number of unique output values. The second departure
is that the kernel cannot be obtained directly from the particular form of the generalized functional (3.1),
because each termmust then be a function of differencesaiif samples ind and @ not just differences of
samples indexed by the p&Q However,K-means is an important PWC method and it is conceptually very
similar to mean shift. In fact, the really critical difference is that Khmeans algorithm iterates on the
likelihood differencan & , whereas mean shift iterates on the regularization differénced (compare
(4.18) with (4.20)) This is our reason for calling the clustering method based on the likeibhood the
likelihood mean shiftmethod.

The bilateral filter (Section 3.3 and Table) 2ombines the hard local sequence kef@gQ '@ & and the
softlossternp A @DY & & 7¥¢ T and this leads to the following finite difference update:

a & == A@Pra & T 4 & ®|8Q o (4.22)

Inserting the adaptive step size- B AgPra a T >0 Q w obtains the bilateral
filter formula (Mrazek et al., 2006)
B A@bi a a Tc 0 Q w a
a — (4.23)
B Ag@br a a T¢c s Q@ w

See also Elaq2002)for a very instructive alternative derivation involving Jacobi solvers for the equivalent
matrix algebra formulation.

This section has shown how adapting the siep of the Euler integrator leads to a number of -wetiwn
clustering algorithms for appropriate combinations of loss functions. The dynamics of the evolving solution can
be understood in terms of the lessslt model. For mean shift clustering, initialty @ and (assuming
noise), eaclit  will typically have a unique value, so every leget contains one entry (which is just the index

for each samplel & “QAs the iterations proceed, Chefi95)shows that ifw is sufficiently large that

the supporbf the hard value kernel covers more than one sample of the initial signal, these samples within the
support will be drawn together until they merge onto a single value after a finite number of iterations. After
merging, they always take on the same vailoéer further iterations. Therefore, after merging, there will be a
decreased number of unique valuesiinand fewer unique lewets, that will consist of an increased number

of indices. Groups of merged samples will themselves merge into larger gnodigis subsequent iterations,

until a fixed point is reached at which no more change® tooccur under subsequent iterations. Therefore,
after convergence, depending on the initial signal and the width of the kernel, there will typically only be a few
levelsets that will consist of a large number of indices each, and thesketvééscription will be very compact.

In the case oK-means clustering, there arevalues in the PWC signal outpiit and at each step, every level

set at iterationQ is obtined by evaluating the indicator kerntl for every 'Q plt8 0: 3 &

O plg8Od & ho p . Note that it is possible for two of the levels to merge with each other, in which
case the associated lexgdts are also merged. After a few iteratjdsneans converges on a fixed point where
there are no more changestto (Cheng, 1995)Soft kernel versions df-means and mean shift have similar
merging behaviour under iteration, except the order of the merging (that is which sets of indices are merged
together at each itation) will depend in a more complex way upon the initial signal and the kernel parameter

Bilateral filtering can be seen as soft mean shift, but with the addition of a hard sequential window. Therefore it
inherits similar merging and convergence badarvunder iteration. However, for samples to merge, they must
both be close in valuandtemporally separated by at mast samples (whereas for mean shift, they need only

be close in value). The additional constraint of temporal locality implies thatrearge does not necessarily
assimilate large groups of indices, and the lsetldescription is not typically as compact as with mean shift.

4.7 Piecewise linear path following
For nearly all useful functionals of the form (3.1), analytical solutions are unobtainable. However, it turns out
that there are some important special cases which for which a minimizer can be obtained with algorithms that



might be described asemianalyic, and we describe them in this section. For useful PWC denoaising, it is
common that the right hand side of the descent ODE system is discontinuous, which poses a challenge for
conventional numerical techniques such as finite differences. However,bebashown that if the likelihood

term is convex angiecewise quadrati¢that is, constructed of piecewise polynomials of order at most two), and

the regularization term has convex loss functions thatpmmeewise linearthen the solution to the descent
ODEs is continuous and constructed of piecewise linear segifagset and Zhu, 2007ormally, there is a

set of 0 regularization pointsit T r E 7 H and a corresponding set 6f-elementgradient

vector§ A 87 , in terms of which the fultegularization paththat is, the set of lasolutions obtained by

varying a regularization parameter T, can be expressed. We can write this as:

ar ar A T O A (4.24)

forall’Q mip8 0 p. PWC denoising algorithms that have this piecewise linear regularization path property
includetotal variation regularizatiorand convex clustering shrinkag@®elckmans et al., 2005y hevalues of

the regularization points and the gradient vectors can be found using a general solver proposed by Rosset and
Zhu(2007) but specialized algorithms exist for total wvar
sequence of increasirg (Hofling, 2009) and the other, by expressing the convex functional in terms of the

convex dual variablegBoyd and Vandenberghe, 2004)btains the same path ieverse for decreasing

(Tibshirani and Taylor, 2010)

Total variation regularization has been the subject of intensidy since its introductiofRudin et al., 1992)

Strong and Chaf2003) show that a step of heigf@and width0 in an otherwise zero signal is decreased in
height byq 70, andt ti en eidd 7aw H®FRundamentally, these findings can be explained by the
sample reduction principle: the form of thegularization term acts to linearly decrease the absolute difference

in value between adjacent samptes anda [ as[ increases (a process known sisrinkagein the
statistics literature), and once adjacent samples eventually coincide for one of the regularizatign, gbeys

share the same value forfall [ . Thus, pairs of samples can be viewed as merging together (a process known
asfusing to form a new partition of the index set, consisting of subsets of indices in consecutive sequences with
no gaps. We will see illustrations of this behaviour later whemxamine the iteration paths of other solvers as
well.

Initially, at7 [ , this partition is the trivial one where each subset of the index set contains a single index.
Subsets of indices in the current partition assimilate their neighbouring subsdteeeases, until the partition

consists of just one subset containing all the indicés af , and this is also whe® O @. Thus, total
variation regularization recruits ([siacragséses I nto const e

This offers another intuitive explanation for whgrstant splines afford a compact understanding of the output
of total variation regularization. For the backward path following sofV¥évshirani and Taylor, 2010bhat
begins at the regularization point , the spline consists of no jumps, and only the boundary knotsp,

i 0 pandonelevell ‘Ow. As the path is follwed backward to the next regularization pgint , the
spline is split with a new knot at locatiéand one new levet is added, so that the spline is described by the
set of knotsi ph @ O p and levels ahx . The solver continues aimg knots at each
regularization point until there ate levels and)  p knots. The forward path following algorithm starts at this
condition and merges levels by deleting knots at each regularization point.

Piecewise linear path following requires thenputation of the regularization points, and it is possible to
directly compute the maximum useful value of the regularization parameter where all the output samples are
fused togethe(Kim et al., 2009)

r £00 O (4.25)
whereASE is the elementwise vector maximum, &ds thed 0 first difference matrix:
rvp P Il
P P
O E E (4.26)
H p P
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Furthermore, knowing that a step of hei@#nd unit width is flattened wheén "(¥¢, allows us to suggest an
estimate for thaminimumuseful value that is just larger than the noise spread: if the noise is Gaussian with
standard deviatior), then setting ¢, will remove 99% of the noise. Therefore, the useful range of the
regularization parameter for PWC denoising can be estimated al T



4.8 Other solvers

The descent ODEs define an initial value problem that is a standard topic in the numerical analysis of nonlinear
differential equations, and there exists a substantial literature on numerical integration of these equations
(Iserles, 2009) These include the finite difference methods discussed above, byirattiotor-corrector and

higher order methods such BsingeKutta, multistepintegrators, andollocation The cost of higher accuracy

with high order integrators is that an increased number of evaluations of the right hand side of the descent ODEs
are required per step. However, the main departure of this problem from classical initial value problems is the
existence of discontinuities indhright hand side of the descent ODE system that arise when the loss functions
are not differentiable everywhere, and most of the useful loss functions for PWC denoising methods are non
differentiable. As a solutiorflux andslopelimiters have been apmd to total variation regularization in the past
(Rudin et al., 1992)We also metion here the very interesting matrix algebra interpretation of PWC denoising
methods that opens up the possibility of using solvers designed for numerical matrix algebra including the
JacobiandGaussSeidelalgorithms, and variants suchagcessive ovaelaxation(Elad, 2002)

5. New methods and solvers for PWC denoising

Having introduced the components, the generalized functional and solver afgofith existing methods, in

this section we investigate how some of these existing concepts can be generalized. There is more than one
potential starting point for this. One approach is to ask about the range of validity of their associated solvers:
what poperties must the functional satisfy to allow this solver to be applied? Another approach is to attempt to
synthesise new functionals that are fAhybridso of exi
merit as PWC denoising methods. Welwilart by seeing how the very simplest stepwise jump placement
solvers can be generalized (Section 5.1). We then discuss the connection between total variation regularization
and regression splinesand in doing so motivate a novebordinate descentethod in (®ction 5.2). By
considering a generalization of total variation regularization, we will give a novel convex method that can
handle statisticabutliers in the noise, and can be solved usingtb&shelf linear programming algorithms
(Section5.3). Next, in addressing an important limitation of convex clustering shrinkage (see Section 3.3 and
Table 2), we will motivate a weighting trick that not only improves the usefulness of convex clustering
shrinkage, but also leads to a novel version oamshift clustering that provides a fundamentally new
clustering method @hassociated solver algorithmeg@ion 5.4). Finally, by exposing some of the limitations of

total variation diffusion and mean shift clustering, we develop a hybrid method witbvietpperformance, and

derivea new solver algorithm for it €&tion 5.5).

5.1 Jump penalization and robust jump penalization

Stepwise jump placement methods can ensure that the solutions have the PWC property, which makes it
interesting to ask whether thdea can be generalized. The conceptual simplicity of the stepwise jump
placement solver algorithm is frustrated if the regularization term depends on the knot locations, as in the case
of total variation regularization where the regularization term ire@lthe absolute value of adjacent
differences, or where minimizing the likelihood term given the fixed knot configuration is not straightforward or
requires considerable computational effort. Thus, the greatest appeal of stepwise jump placement akyorithms
as a minimizer for functionals that combine the zero count regularization term with adjacent sequence

kernel, @ & “OQ Q p, but, more generally, likelihood terms such @& @ & 0Q Q m,
wherer]  p. We can therefore suggest nopehp penalizatiomethods:

¥ pMmo a O0QQn r4a a 0QQp (5.1)
for i p and freely chosen regularization paraméter 1. Forry ¢, the mean formula (4.3) appli@hen

calculating the levels of the spline, fithereas for] p the median formulas required to calculate the levels
instead

a | AAEAT ho B o (5.2)

(Recall thati is the time index of thé) knot of the spling From a statistical point of view, this jump
penalization method witfy  p is valuable where the noise distribution is symmetric and R, because

in this situation the mean will be heavily influenced by outliers, butnieelian is robust to these large
deviations. The functional is nemonvex and nodwifferentiable, and thus not amenable to methods such as
linear or quadratic programming, and will pose foomvergence challenges for numerical methods for the
associated inal value problem. However, the greedy search used in stepwise jump placement requires
reconstructing the spline fit for each putative new jump location and this is not necessarily computationally
efficient.



In the relevant literaturéGill, 1970; Kerssemakers et al., 2006; Kalafut and Visscher, 20@8)have only

found the idea that stepwise jump placement proceeds with introducing new knots until a termination criteria is
reached. However, this stepwise jump placement strategy has the disadvantage that the minimizer that leads to
the smallest posdib value of the functional might only be achievable by stepreiseovalof jumps. Therefore

it may be necessary to place a jump at every location, and perform itguatipgemovalto attempt to lower

the functional. Similarly, becausket norzero countoss is norconvex, the functional is not convex either, and

there may be another solution that lowers the functional further. Therefore, in some circumstances, alternating
between iterative knot placement and iterative knot removal magesd in finding a better solution than either
placement or removal alone. In fact, minimizing the functional is a combinatorial optimization problem, because
the number of knots is an integer quantity. Therefore, it can be addressed by the wide t@chyigfes that

have been developed for such probléRepadimitriou and Steiglitz, 1998)

The jump penalization methods introduced above have another useful interpretation where the PWC signal
represents a discretine stochastic process that can have both positive and negative jumps of any height. The
count number of &oisson process an impaotant special case of this where the jumps are all of the same
height and positive only: then the time interval between jumps is exponentially distributed. In that case, the
probability of obtaining a jump in any one discratee sampling interval is just 117", wheret is the
sampling interval and is the mean time between jumps. In the corresponding digametesetting, the number

of jumps is a random variable that is Bernoulli distributed with paraniet@hen the appropriate choice of
regulaization parameter is 1 1 @ ” j” . At one extreme, wheh pJc, that is, a jump is exactly as

likely as no jump in any one sampling interval, this factor is zero, so the number of jumps plays no role in the
minimizer of the functional, which is just thepint signalca At the other extreme, wheén© T, the mean time
between jumps becomes infinite, so a jump in any interval becomes improbable®aHs This forces the
number of jumps to zero when minimizing the functional.

5.2 Regression splines and coordin  ate descent

In this section we demonstrate the intimate connection betig&drvariation regularizationwhich is of major
importance in PWC denoising applications apline regressionand how a simple new solver can be applied
to find the solution. For the special case of total variation regularization, for whichp¢ @ & "0OQ

O n o4& & 0QQ p,the functional becomes:

04 g & @ A0k (5.3)
where #8€ is the (entrywise) vector-tilorm, andO is thel  ( first difference matrix as defined in (4.26).
This is shown to be equivalent to the following functiofim et al., 2009)
0" gm‘v‘ E A A (5.4)
whereAZ is the (entrywise) vectaj-norm, to be minimized over the newvariables' (these new variables

are spline coefficientgelated to theoriginal variablesd , see below Thed 0 matrix"y O has the
form:

rvg 0 1

1 ]
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which contains a discrete-dgree (constant) spline in each row, with a knot placed at posithufs
respectively. This demonstrates that total variation denoising is &880 regressioproblem using a set of
constant splines as basis functions, and the aim is to prodyeese approximatiowith as few norzero knot
coefficients as possibl&teidl et al., 2006; Kim et al., 2009)

The general LASSO regression problem has been studied extensively in the statistics and machine learning
literature, and there are a large number of solvers that can be used to find the only nofitherfunctional

above. These includgubgradientechniques such dSaussSeidelandgrafting (Schmidt et al., 2007)ut also

methods that use a smoothed approximation to therth including EpsL] log-barrier, SmoothL1 and
expectatioamaximization(Schmidt et al., 2007 Reformulation as a constrained leagtiares problem leads to
interior-point, sequential quadratic programingand variant§Schmidt et al., 2007)However, computatiota

savings might be made by exploiting the special structure of this total variation regularization problem.



Minimizing the generalized functional with respect to variation in one of the variablesone (when the
others are held fixed), can sometimesdonducted analytically, or is simple to compute approximately. This
observation has lead to a number of very singerdinate descensolvers for regularization problems
(Friedman et al., 2007; Schmidt et al., 200)has been shown that such coordinate descent solvers are
minimizers for functionals of the form:

04  "Od ho 04 (5.6)

where the likelihood functional term on the left is convex and differentiable, and the regularization futtions

are convex. The regularization term displayed hemefmarable but the functionals in this paper do not have
separable regularization terms. Special adaptations are therefore required in order to apply coordinate descent to
the total variation regularéion problem, for example see Friedn&ral. (2007) This involves identifying the
conditions undemhich groups of variables need to be merged and varied together. However, we make the
observation here that the LASSO spline regression problem obtained from the total variation regularization
methodis separable, and that the spline regression matalsove has a particularly simple form. This allows us

to develop a simple coordinate descent solver for total variation regularization that avoids the complexity of
detecting and grouping variables altogether.

In particular, note that the original variabke® obtained using  “Y‘where’ are the spline coefficients, so
that each element is just the cumulative sum of the spline coefficients:

a ‘ (5.7)

Similarly, going the other way, the spline coefficients can be obtained from the origiriables using
successive differences:

‘ a a (5.8)
with * a . Also, note that at 1, the original variables are equal to the input sighatherefore the

descent algorithm can be usefully initialised with the successive differences ioptht signal. It is useful to
understand this descent algorithm as a-$tep process, (1) aipdate step

0 YW oo W (5.9)

followed by (2) theshrinkage step
: OCh | A@ s | T&vm (5.10)
with initial conditions * O ® AY¥YE‘  QAY and"V "WAYE where£¥ 0 0 p .

Normalization of the spline matrix is required to prevent iterates from diverging. These steps (1), (2) are
repeated until convergence. The original variables at convergence can be recoverad uspiE¥eB  *

We can understand (5.9) followed by (5.10) as the regression coefficient obtained by regressing the error
® Y in (5.9) onto théah variable' (Friedman et al., 2007¥he shrinkage term (5.10) is just the solution

to the absolute penalized leasfuares regression (5.4) if we fix all the variables except the vai@able

Using the observations abt the matriX'Yabove, the update step can be simplified considerably:

. P . P . . P . P .
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The expanded form of the expression on the right shows that the terommbe precomputed, which can lead

to further computational savings. Although simple, this coordinate descent algorithm requires a large number of

iterations to reach convergence, particularly for smalbecause on each iteration, the varigbledoes not

change very much. Therefore, the speed of convergence is partly dependent upon tlie Siaetedfrmore, the

iterates before reaching convergence do not represent the solution at smaller valubsoausé is fixed

during the iteration. Thaj iteration of this algorithm does not obtain thgularization pathautomatically, as it

does for thepiecewise linear regularization path followésr the same problerfHofling, 2009). For some

applications, where we want the whole set of solutions when vdrying, this could be a drawback. We note

here that a related approach to PWC denoising was proposed independently in the geosciencegNtedresture

et al., 1990)



5.3 Robust total variation regularization and linear programming

Total variation regularization is a useful technique if the noise distribution is Gaussian. If there are outliers in
the roise, then we can adapt the technique to increase its robustness by replacing the square likelihood loss with
the absolute loss instead. The robust total variation functional becomes:

¥ o a0 n ra a4 0oQQop (5.12)
which can be cast adeast absolute regressigmoblem:
s 1 0
a AOClaal AOCI Kl r,oa (5.13)

whereO is the0 0 identity matrix,t is theld p zero matrix,A% is the vector dnorm, andQis the

0 U first difference matrix as in (4.26), but with the last row all zero. This is in the forniméar program

(a linear problem with linear inequality constraints), which is solvabileg for example simplexor interior

point methodgBoyd and Vandenberghe, 2004; Koenker, 200%) our knowledge though, specialized fast or
regularization patfiollowing methods forhis robust total variation regularization problem do not exist, as they

do for nonrobust total variation regularization (but see Koenker €t18B4)for related ideas, and Darband

Sigelle (2006) for an approach in the case where the signals are integer rather than real, and also references
therein).

5.4 Weighted convex clustering shrinkage

Convex clustering shrinkage has an advantage over mean shift and other clustering methods, that tld function
is convex, so there exists a unique solution that minimizes the functional and it can be found by fast quadratic
programming algorithms such as the interior point technique. However, the method can be highly sensitive to
the choice of regularization gameter : there is typically only a small range over which the solution transitions
from every sample belonging to its own cluster, to the emergence of a single cluster for all samples. To reduce
this sensitivity and expand the useful range of the reigat@asn parameter, a simple proposal is to focus the
clustering only on those samplesdithat are initially close to each other. Samples that are far apart initially
cannot therefore become clustered together. This leads to the following adaptatienctmvex clustering
shrinkage functional:

¥ plg® & 0QQm ra a4 0w o (5.19)

This method retains the convexity properties of the original, because the weights are based on the input signal
which is fixed. It is therefore amenable quadratic programming. The parametercontrols the extent of the

value kernel, that is, how close the input samples need to be to be subject to sample distance reduction. As
before, a small regularization paraméteronstrains the solution to be slarito the input signal.

5.5 Convex mean shift clustering

The use of inpusignal dependent weights for enhancing the usefulness of a PWC method presented above is a
trick that can be applied more widely. For example, mean shift clustering is not coavetxjsbpossible to
produce a simple adaptation tligtonvex:

¥ a4 ad 0w o w (5.15)
for which the associated influence functioi@®w @& @ OC& & . This should be contrasted with
the influence function for mean shift clustering with absolute (rather than square) loss wiich is &
w OCl & . To see why this new method can be considered a convex version of mean shift clustering,
considerthat a solver for the descent ODEs for this method would be initializeddwith & such that, the
influence function for the first iteration of this solver@a & ® OC& & , and this coincides

exactly with the influence function for (absalitmean shift. The adaptive Euler solvers for the absolute mean
shift and convex mean shift are, respectively:

a a Oa a () 04 a w OCh « (5.16)

a a OSw ® N ® o O0Chk «a (5.17)



(Note: with the square loss in classical mean shift in (4.16), the adaptive solver simplifies to the iterated mean,
as shown earlier). One way of understanding the relationship to conventional mean shift is thaetkeral

for convex mean shift does not change during iterations, whereas for mean shift the kernel weights are re
computed on each iteration.

5.6 Soft mean shift total variation diffusion and predictor -corrector integration

We have seen aboved&8ion4.6) that clustering methods have the PWC property in terms ofdetsland

total variation regularization in terms of splines. These different methods have certain disadvantages.-The level
set representation is described in terms of levels, and tf@stiees the locations of the jumps. A consequence

of this is that rapid changes in the mean of the noise can cause rapid, spurious transitions between levels. On the
other hand, the spline representation sets the location of the jumps, which in tumirdet¢he constant levels.
Therefore, the spline model is vulnerable to gradual, systematic changes in the level of constant regions due to
changes in the mean of the noise, for example. Clustering methods such as mean shift provide constraints on the
levds of constant regions and these could be used to alleviate the weaknesses of total variation algorithms, by
contrast, the temporal constraints built into total variation algorithms could help prevent spurious transitions of
clustering methods that are émsitive to temporal sequence.

Here we show that it is possible to synthesise the two representations using a novel PWC method that combines
the global behaviour of mean shift clustering with the sequentially local behaviour of total variation
regularizatdn, using the following functional:

¥ p A@Pr 0 a T¢X 1a & 0QQop (5.18)

Herel i s a kernel parameter that det er mifiniglargetttteetheef f ect i
solution can differentiate small peaks in the amplitude distribution, if small, then only large peaks are detected.
Because of the form of (5.18), we call this metisoft mean shift total variation diffusioihe regularization

parameer[ determines the relative influence of the total variation regularization term: if small, then locally
sequential runs of close values have little influence over the solution; if large, then modes in the amplitude
distribution can be broken up in orderfind sequential constant runs instead.

Although not necessarily the best or most efficient solver, for the purposes of illustration we propostep two
midpointpredictorcorrectorintegrator for the resulting descent ODEserles, 2009)

aV a 3 O & ol Q0Q 3 O a a I Q1Q (5.19)
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with initial conditiona « Using this integrator, we obtain the following solver for this new PWC denoising
algorithm:

av @ 3% AZDl & & T & @ r%_oc& a oCh « (5.21)
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At the boundaries we hawe i Wk tfor ‘Q pandQ 0O for the total variation part of the expression above.
Although the regularization term is not differentiable everywhere, this finite difference solver is reasonably

stable for smalg—, and experience shows that convergence to a useful, approximate solution is possible within
a few hundred iterations.

6. Numerical results and discussion

In this section we discuss the results of applying the existing and new methods and solvers of this paper to
typical PWC denoisingoroblems. Firstwe focus on accurate recovery. We applied each method to a synthetic,
unit step signal, corrupted by additive Gaussian noise. Method parameters were optimized by hand to achieve
the output that is closest to the known step signal. We first tested the ability of the methods to recover the step



whi l st ignorinigens® tilsaotl ated!| diolme | i ncorrectly identi

shown in Figure 3.

In the case of outliers, the new jump penalization and mean shift total variation diffusion methods (3k,l,j) appear
to produce the most accurate resultsahishift and bilateral filtering are able to recover the step (3d,h), but are
unable to ignore the outlierk-means can ignore the outliers (3f), but exhibits an incorrect transition near the
leading step edge, because a sample near the edge is cloakreitio the height of the step. Total variation
regularization and the robust total variation regularization (3b,i) correctly ignore the outliers, but tend to identify
many small, spurious edges; this is true also of iterated median filtering (3a). gkitbtmese spurious jumps in

total variation methods can be removed by further increasing the regularization parameter, this will be at the
expense of introducing very significant bias into the estimate of the level of the constant regions (essentially,
this is a consequence of the piecewise linearity of the regularization path). There is, however, no corresponding
parametric control over the iterated length 3 median filter, and clearly convergence on a root signal that has
many spurious jumps. Soft mean shdonvex mean shift and weighted convex clustering shrinkage (3e,n,m)
fail to ignore the outliers and also show some spurious transitions between levels. The objectivmgteyee

Table 2) method (3c) also places jumps at the outliers, and in sfhaipus locations. Convex clustering
shrinkage fails to identify the step at all and is also influenced by the outliers (3g).

Up until now, we have assumed that the noise is statistically independent, but in pitantgehavesome kind

of correlation. We therefore devised another challenging test: recover a unit step signal with linear drift in the
mean of the noise as a confounding factor, see Figure 4. Now, we can see that mean shift, soft ni€an shift,
means and mean shift total variatioiffuicsion (4d,e,f,j) are able to recover the step and ignore the drift very
effectively. These methods are successful in this case because they are largely insensitive to the sequential
ordering of the input samples (with the exception of mean shift tat@htion diffusion); they are simply
converging on peaks in the distribution of the input sample that turn out to be largely unaffected by the drift.
Jump penalization, objective stéfiing, and bilateral methods (4k,l,c,h) are unable to ignore the, dhit

produce the smoothest solutions. Weighted convex clustering shrinkage and convex mean shift (4m,n) are not
confused by the drift, but have some spurious edges. Total variation regularization is also adversely affected by
the drift and introduces a sih incorrect jump, but is appreciably better than robust total variation
regularization (4b,i). Arguably the worst performing methods are iterated median filtering and convex clustering
shrinkage (4a,q).

Next, in order to understand the efficiency ofeliént methods and solvers, we apply a representative selection

of iterative solvers to the basic task of noise removal from a short, unit synthetic step corrupted by Gaussian
noise. Figure 5 shows the resulting output signal, andtetetion pathof the solver: that is, the curves traced

out by the samples in the solution as the iterations proceed. This is a plot of the iteration number on the
horizontal axis, against the values of the sample®n the vertical axisThe distance reduction principle i
apparent in the output as the solver iterates towards convergence to a minimum of the associated functional. It is
also possible to discriminate methods that use only value kernels such as mean Bhifteards, from methods

that use local sequence kel (for example, total variation regularization and bilateral filtering). The former

can only merge together samples that are close in value, therefore, the iteration paths do not intersect. On the
other hand, the latter can constrain those that are rsgajlyeclose to merge together, and the iteration paths can
intersect.

In terms of the number of iterations, the forward stepwise jump placement algorithm for jump penalization
methods are the most effective, converging on a solution in two steps (&f).wWéefind kernel adaptive step

size Euler integrators for mean shi;means and bilateral filtering taking at most five steps (5b,c,d). The
forward linear regularization path following solver for total variation regularization is next, taking 1Qteps
reach the unigque optimum solution (5a). Weighted convex clustering shrinkage witddaytive stefsize

Euler integration takes some 300 steps to converge (5g). Lastly, thstapanidpoint predictorcorrector
integrator for mean shift total variatigegularization converges to a solution after about 500 iterations (5e).

Analytic minimizers for the generalized functional (3.1) are only available in the case of purely linear systems
(simple quadratic loss functions). Therefore, numerical algoritheseguired generally. The solvers described

in this paper are not necessarily the most efficient that could be applied to each method. Comparing solvers is
complicated and a fully rigorous approach is beyond the scope of this paper. However, there aems®me
general observations that can be made.

When the loss functions are convex and combined in convex combination this can be advantageous because
then it is known that there is one unique minimizer for the functional, given fixed parameters. This avoids the
uncertainty inherent to neconvex methos, where we do not know whether the solution obtained is the
minimizer associated with the smallest possible value of the functional or not: there may be a better solution
obtained by starting the solver from different initial conditions. This may reaqusréo run the solver to



convergence many times to gain confidence that the result is the best possible. Having said this, whether it
matters that the solution is optimal depends on practical circumst&mresiany PWC denoising methods the
functionals areconvex, and in terms of computational complexity, interior point algorithms are very efficient
(Boyd and Vandenberghe, 2004)

If there are only a few jumps then forward stepwise jump placement, as describectiam 8€l, is very
efficient. However, we cannot know whether a sequence of jumps placed by this foMyaadgorithm is the

best because the jump penalization functional iscanvex. Therefore, the same issues about uncertainty in the
optimality of the results occur as with any neanvex functional. The scope for stepwise jump placement
algorithms is quite narrow, because it requires an easily solvable likelihood function given the fixed spline
knots.

Although having the widest scope of all, we hagersthat finite difference methods for the descent ODEs can
take hundreds of steps to converge, and are therefore relatively inefficient. However, the simple measure of
adapting the stepize can cut the number of iterations required to reach convergeoarausly, as we have

seen for the mean shift and other clustering methods. Simple finite differences are only practical then if
modified with adaptive stepizes or some other approach to speeding up convergence.

The scope for (forward) piecewise lineagularization path followers for PWC denoising turns out to be
reasonably widgRosset and Zhu, 20Q7and if path linearity can be dropped, even wiflRosset, 2004)
Therefore, if the full regularization path of solutions is required, path following methods can be efficient, as we
have seen for total variation regularization. To our knowledge, backwards path following has only been
investigated for total variation regularization.

Coordinate descent is probably the least efficient in terms of number of iterations and requires sgpériabilit
regularization term, which does not apply in general to the PWC denoising functionals in this paper. However,
the update on each iteration is very simple and this may yet turn out to be competitive with other solvers applied
where separability cape shown to hold.

7. Summary, related and future ideas

In this paper, by presenting an extensively generalized mathematical framework for performing PWC noise
removal, several new PWC denoising methods and associated solver algorithms are propogedpheabat
combine the advantages of existing methods in new and useful ways. Numerical tests on synthetic data compare
the recovery accuracy and efficiency of these existing and novel methodsoHesatl, finding that the new

mean shift total variation dersing method is effective under challenging conditions where existing methods
show significant deficiencies.

In order to devise these new PWC denoising methods, this study has presented a generalized approach to
understanding and performing noise remofram piecewise constant signals. It is based on general&ing
substantial number oéxisting methods, found through a wide array of disciplines, under a generalized
functional, where each method is associated with a special case of this functional. The generalized fanctiona
constructed from all possible differences of samples in the input and output signals and their indices, over which
simple and composite loss functions are placed. PWC outputs are obtained by seeking an output signal that
minimizes the functional, whitis a summation of these kernel loss functions. The task of PWC denoising is
then formalized as the problem of recovering either a compact constant spline @etedescription of the

PWC signal obscured by noise. Minimizing the functional is seenoastraining the difference between
appropriate samples in the input signal. A range of solver algorithms for minimizing the functional are
investigated, through which we were able to provide some novel observations on existing methods.

Whilst the structuref this paper has encouraged us to make as inclusive investigation as possible of PWC
denoising methods, there are many other methods that cannot be associated with special cases of this
generalized functional. Below, for completeness, we discuss themtoat overlaps and relationships between

some of these other methods that get significant use ingabeMVC denoising applications.

7.1 Wavelets

Wavelet techiques are ubiquitous, generic methods for signal analysis, and their use in general noise removal
has been comprehensively explofathllat and Hwang, 1992; Mallat and Zhong, 1992; Cattani, 2004; Mallat,
2009) Connections between wavelet techniques and some of the smoothing methods described in this paper, in
particular total variation regularizatio(Steidl et al.,2004) have been established. Wavelet methods are
powerful for many reasons, here we just mention a few of the basics: including (a) the existence of an algorithm
with 0 0 computational complexity for the forward and reverse wavelet transforms itistinetdtime setting

(Mallat, 2009) (b) the statistical theory afavelet shrinkagéhat exploits orthonormality of the wavelet basis to
perform noise removal using very simple, coefiitiby-coefficient €eparabl@ nonlinear transformations of



the wavelet coefficientéCandes, 2006)and (c) many signals, in the wavelet basissp@&rse that is, a large
proportion of the coefficients arefettively zero making the wavelet representation very compact.

Wavelet methods require the choice of basis, and for PWC denoisinga#néasis itself composed of PWC

functions, has been suggested many times in the wider lite@attani, 2004; Taylor et al., 201@Ithough it

is not he only basis that has been proposed. Removing noise typically requires removal of teeamalbtail

in the signal. The result of removing this detail is that the-tanalisation of the remaining large scale PWC

basis functions is poor, so that tjuenps in the PWC signal cannot be accurately located and tend to become

mi saligned to the | ocations of the jumps in PWC bas:¢
near jumps that are not aligned with the jumps in the basis; oscillatristhar e si mi |l ar in char a
phenomena observed using linear dpass filtering. These issues are an unavoidable consequence of the
Heisenberg uncertainty inherent to tifnequency analysiéMallat, 2009)

The PWC denoising methods described in this paper are not based dretjmency analysis. Perhaps because

of this, historically, wavelebased approaches, and the kind of methods discussed in this paper, have developed
guite separatelyCandes and Guo, 2002here are, however, some points of contact that have addressed how
to prevent wavelet oscillations near jumps, yet retain some of the desirable conceptual and computational
properties of wavelet methods. dliterature on this topic is very extensive and we restrict ourselves to a few of
the overlapping concepts that are of direct relevance to the PWC methods and solvers discussed in this paper.

If we are prepared to drop orthogonality, then we lose sefiyabut this does not mean that we lose the
appealing concept of coefficient shrinkage: in fact, in the regression spline approach to total variation
regularization discussed above, the use of the absolute function applied as a regularizer oveatitespbinst
coefficients can be seen asnseparable shrinkagén the spline basis. The solver is more complex than
separable shrinkage (we now have to solve a LASSO problem), but the jumps (spline knots) are no longer
restricted by Heisenberg uncertaiatyd can be placed precisely at the jumps in the PWC <igiadiat, 2009)
Alternatively, Candes and G@002)and othergChan and Shen, 2008jscuss how the wavelet reconstruction

with absolute loss on the wavelet coefficients can be augmented with the total variation of the wavelet
reconstruction to attempt to minimize the oscillations near discontinuities. The solution can no longer be
obtainal using separable shrinkage, but the orthogonality and potential sparsity of the wavelet transform is
retained. A final example is that ératedtranslation invariantwavelet shrinkagéSteidl et al., 2004)which

has been shown to have similar penrfiance to total variation regularization, but the connection is somewhat
less direct.

7.2 Hidden Markov models (HMMs)

Hidden Markov modeléHMMs) play an important role in practical PWC denoising applicat{@ufrey et al.,
1980; Chung et al., 1990; Jokge and Djuric, 1996; McKinney et al., 2008) is important therefore to
understand the relationships between the igdimed methods proposed in this paper and HMMs. The literature
on the very many variants of HMMs is extensfidimes, 2006) but we focus here on one of theshpopular
HMM variants that has seen repeated use in PWC denaisitige discretestate HMM with continuous,
Gaussian emission probabilitie§his configuration has deep similarities to the (hard or skiftheans
clustering algorithms discussed in thigper. The similarity emerges from the relationship betwéeneans
clustering and (Gaussiamixture density modelling

In this HMM variant, there are distinct statesto the underlyingMiarkov chain each associated with a single
Gaussian distribution, parameterised (bymeans and variances. If the underlying chain is in state Qv

plt 8 0 at index'Qthen the output sample from the noisy sighais drawn from a Gaussian with mean
and variance . The Markov chain is parameterised by additionaltransition densityandinitial probability
variables, the transition density determining the statistical dependericeupbn i and earlier states if
necessaryBlimes, 2006)

The goal of fitting the HMM to the noisy signal is to find these transition and initial probabilities, and the
parameters of the Gaussians associated with gtath If, howeveri, is independent of , then this HMM

variant collapses to a Gaussian mixture density m@taieis and Ghahramani, 1999)here the goal of fitting

is to determine the parameters of the Gaussians alone. This is typically solvedxsEntatiormaximization

(EM) method(Hastie et al., 2001)There are two steps this method, th&-step in which the assignment of

each index to each state is determined, andiitiséepwhere the Gaussian parameters arestémated using the
assignments. In this paper, the adaptive-siep Euler integrator applied to tkemeansalgorithms can be seen

as a concatenation of these two steps, in the special case where the variances of the Gaussians are fixed. This
arises because EM is equivalent to iterative, weighted mean and variance replacement, the weights determined
by the sta¢ assignment. For sdft-means, the weights are the probabilities of assignment to each state given the
means and variances from the previous iteration; for (h&rdjeans,most probableassignments are used

instead of probabilities, so the weights aréesitzero or one.



EM is has been adapted to the HMM case of mixture modelling, whdepends o . The Estep becomes

more complex because calculating the state assignmeil
states up until indeXQ Fortunately, conditional independence of the Markov chain makes a considerable
algebraic simplification of this assignment possible, in the probabilistic assignment case the resulting method is
known as theBaumWelchalgorithm, the most probable vant of which isViterbi or sequential Kmeans

training (Blimes, 2006)

The means of the Gaussian associated with each state are analogous to the leveld/@ ltheeBet model,

and this variant of HMM with continuous emission probabilities has the PWC property if the number of states
0 L 0 because there will be many indices assigned sequentially to the same level. This explains why discrete
state HMMs with cotinuous emission probabilities are useful for general PWC denoising problems.

7.3 Piecewise constant (PWC) versus piecewise smooth (PWS)?

The fact that PWC signals are algizcewise smootmplies that methods for noise removal from piecewise
smooth (PWS) signals can, in principle, be applied to the PWC denoising problem. Here, by PWS, we mean a
signal that has a finite isolated set of discontinuities (jumps), and everywhere else tlmn foastone or many
continuous derivatives. The PWS noise removal problem has attracted considerable attention, in particular from
those applying wavelet analysis in the signal and image processing comm(@iitésinthop and Dragotti,

2009; Mallat, 2009) For PWS signals, the levekt model is no longer parsimonious (but seesthek or
threshold decompositiorepresentation that is of centralportance to morphological signal processiAgce,

2005). The extension of the-@egree spline model to higher degrees requires piecewise (first, second etc.)
differentiability, where the signal to be recovered is continuous everywhere, howevelVth signals we refer

to in this paper are discontinuous at the jump locations. Therefore, the higher degree spline model is not
compact for PWS signals either. Here we discuss a small selection of PWS methods that are notable for their
informative overla with the algorithms in this paper.

Since noise removal from signals that are smooth everywhere is a problem for which the running mean filter is
well suited, adapting the running linear filter to the existence of a few isolated jumps is a naturai $olutio
many contexts. This requires some technique for (either implicitly or explicitly) detecting the existence of a
jump. Many algorithms that provide jump capability to running filters (not just the running mean filter) exploit
the concept oflata-adaptive weighting that is, some measure of the distance associated with samples inside (or
outside) the local filtering window is used to provide a measure of whether a discontinuity exists within the
window. This measure then changes the local weighting tigateét the edge smoothing effect of filtering over

the jump. In this paper, those techniques that place a kernel over the terem are using such datdaptive
weighting.

In this context, it is informative to note that in the limit wheR T1tin the blateral filter formula, we obtain the
iterated, running mean filter of widttv , and with a soft (Gaussian) sequence kernel, we obtain the iterated
running weighted mean filter. Therefore, one iteration of the bilateral filter can be viewed as a rungintgdve
mean filter, where the weights are chosen to filter only those samples that are close ifElalu@002)

Similar ideas have been proposedeipendently in many different disciplines. Chung and Kenr(@®91)
describe a weighted running mean filter with a weighting scheme that is constant but different in the left and
right side of the windw around each sample. The weights are inversely proportional to a positive power of the
magnitude of the difference between the mean of the left or right sides of the window, and the sample in the
middle of the window. The weights can be computed baseshomples outside the filtering window, and the

final output of the filter can be a summation over running means of differing le(@tumg and Kennedy,

1991) Running filters based on a variety of linear combinatiohrank ordered samples in the window, such as

the trimmed mean filteor thedouble window modified trimmed mean fil@me conceptually similar and very
useful for PWS noise removgBather et al., 2006)

The PWC denoising algorithms in this paper are therefore closely related to some PWS algorithms, but the PWC
denoising prol@m is distinct. In particular, we present evidence here that the PWC denoising problem is one for
which information across the whole signal can be efficiently exploited by constructing a compasetevel
representation, for example using the full pairndéferences in sample values in the mean shift or weighted
convex clustering shrinkage algorithms. This approach would not be efficient for PWS signals, because in
between the jumps, a PWS signal is not generally constant, and so does not necessarity mpaet leveset
description.

7.4 Continuum approaches and nonlinear partial differential equations (PDES)

The generalized functional (3.1) in this paper is based on a purely diareteetting. Most real signals are
continuous in time, but despitentinuous time being computationally inaccessible (it usually is), there are some
mathematical advantages to going to a continuous time model of the signal, even if this has to be discretised



later for computational reasons. The largest single classnbfhooustime PWC denoising methods are those

based omonlinear partial differential equationfPDESs), and have nearly all been developed in the image
processing literaturéChan and Shen, 2005 the limit of infinitesimal time incrementshe discretdime,

generalized functional becomes a double integral functional instead. Thevariligonal derivativeof the

functional with respect to the continuetime output signal is aBuler-LagrangePDE, and it will be nonlinear

if it is usefu for PWC denoising. So, it is fairly easy to show that many, if not most, of the methods in this paper

have an equivalent PDE form. Numerical solvers for this PDE would be very similar to numerical solvers for the
descent ODEs derived earlier. Passingh® continuum also invites application 8fet hi ands comput a
levelset algorithmghat, in the 1D signal case, would correspond to techniques for evolving the jump locations
between the distinct lewskets that comprise the PWC solution, as opposttetevelyChan and Shen, 2005)

7.5 Future directions

The new methods and solvers presented in this paper represent just a handful of directions that the generalized
functional and solver description suggests. Clearly, there are a vgeynamber of other possible methods that

can be constructed from the functional components we describe in this paper, that are as yet unexplored, that
might be of value in PWC denoising. However, determining which of these methods would have minimizer(s)
with the PWC property, and in addition, admit efficient and reliable solvers, will require additional work. We
imagine one approach: a formal axiomatic system leading tecHiespace equatiohas been developed to the

design of nonlinear PDEs for imagaadysis, that constrains their form to have universally useful properties
(Chan and Shen, 2005} is quite possible that such axioms might be modified for PWC denoising purposes.
The consequences of such axioms could be explored witleatesp the functional components and their
interactions with the solvers presented in this paper, with a view to asking what combinations lead to solutions
with the PWC property.

Appendix

To prove that the -point iterated median filter cannot raise théatwariation of the signal, we examine two
adjacent windows and apply a simple combinatorial argument over the inputdighdito h , so that the two

input windows have the valuésft , and the two output windows have the valies | A A Ecfflo o and

& | AAEcbhw . Now, labeloho as fii nnero values, and the-other t
increasing total variation condition is trgd @S < @S Since the median operation selects one of the
values in the input sethére are four different cases to consider. First, consider when both windows select the
same input, i.ed  ®, their difference is zero and the condition is satisfied trivially. Similarly trivial is the
case when the two inner values are swappedwi.e. ® and®w @, the condition is satisfied at equality.
Thirdly, if one of the windows selects one of the inner values, and the other one of the outer values, then it must
be that the selected outer value lies in between the two inner values, amtbseriso either of the inner values

than the inner values are to themselves, satisfying the condition. The final case is when both outérfvalues

are selected, but in that case they both lie in between the inner values and so the conditiorséisfigdn

This proves thagd ®S I  w simplying that the median operation applied to these two windows cannot
increase the total variation. The final step in the proof is to extend this to the entire signal: the total variation
over every pair of @acent values cannot increase, so the total variation over the entire signal cannot increase
either. Thus, oint median filtering can only either leave the total variation of a signal unchanged or reduce it
after each iteration.
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differences between input samples, output samples, amgLgaice indices. These differences are then used to define
kernel and loss functions. Loss functions and kernels are combined to make the generalized functional to be min
with respect to the output signat . FunctionO'Y is the indicator function sth that'0OY  p if the condition™Yis true,
and’0OY motherwise.

(a) DifferenceQ

Description

w a

Input-output value difference; used in likelihood terms

a & Output-output value difference; used in regularization terms
® ® Input-input value difference; used in both likelihood and regularization terms
0 Sequence difference; used in both likelihood and regularization terms
(b) Kernel function Description
p Global
o w Hard (local in either value @equence)
O (SN
ADB s Soft (semiocal in either value or sequence)
AoB 7¢
0Q p Isolates only sequentially adjacent terms when used as sequence kernel
0oQ m Isolates only terms that have the same index when used as sequence kernel
(c) Losgunction Influence function (derivative of loss | Composition

function)

VO : D@ QOO QEE

b Q b Q p OCh Simple
b Q s bQ p Q
0 Q $Xx7q
0 Q I EEdW 0D Q O o OcCh Composite
05 Q 1 EEsIchn 0, Q OB o Q
0 Q p ABE X brQ AgB s Och Composite
0 Q p AGBsICH 0rQ AGB T Q




Table 2: A generalized functional for noise removal from piecewise constant (PWC) signals. The functional ddfat#ness, losses and
kernel functions described in Table 1 into a function to be minimized over all samples, paifaigeis solver algorithms are used to
minimize this functional with respect to the solution, these are described in Table 3.

Generalized functional for piecewise constant noise removal
04 Yo i o o

Existing methods Functiony Notes

Linear diffusion pfc @ & '0Q 0 p Solved by weighted mean filtering;
cannot produce PW¢€blutions; not
PWC

Stepfitting (Gill, 1970; Kersserkars pfc & & 0Q 0 n Termination criteria based on numbe

et al., 2006) of jumps; PWC

Objective steitting (Kalafut and pflc @ & 0 m _a & '0QQp Likelihood term the same upto log

Visscher, 2008) transformation; regularization
parameter_ fixed by data; PWC

Total variation regulazation (Rudin ofc & G "0QQ m s & s0Q 0 p Convexfused LASSO signal

etal., 1992) approximator is the same; PWC

Total variation diffusion @ as0Q7Q p Convex; partially minimized by iterate
3-point median filter; PWC

Mean shift clustering i ETplc & & Fo Non-convex; PWC

Likelihoodmean shift clustering i ETplc & & Fo Nortconvex; Kneans is similar but no
a direct special case (see text); PW(C

Soft mean shift clustering p Agbra a T Non-convex; PWC

Soft likelihoodnean shift clustering p A@DPr o & T¢I Nor-convex; sofi-means issimilar
but not a direct special case (see tex|
PWC

Convex clustering shrinkage pfc @ & "0 m ra a Convex; PWC

(Pelckmans et al., 2005)

Bilateral filter(Mrazek et al., 2006) p AGDPr a & T osQ @ o Non-convex

New methods proposed in this paper

Jump penalization pIlc @ @ 0QQm (& & '0eQp Non-convex; PWC

Robust jump penalization O oo mn 4 @ o0 op Non-convex; PWC

Robust total variation regularization ® T n 4 & 0QQp Convex; PWC

Soft mean shift total variation p Agbr o & TcI & & 'oQqQ p |Nonconvex; PWC

diffusion

Weighted convex clustering pIc @ & '0Q Q n Convex;, PWC

shrinkage ra a AGB @ o

Convexmean shift clustering a a Ager o o Convex; PWC




Table 3: Solvers for finding a minimizer of the generalized piecewise constant (PWC) noise remc
functional in Table 2. The first column is the solver algorithm, the second is the diff¢Gtmethods
to which the technique can be applied in theory.

Solver

Can apply to

Notes

Analytic convolution

Linear diffusion

Problems with only square
loss functions are analytical
in a similar way

Linear programmingBoyd and
Vandenberghe, 2004)

Robust total variation
regularization

Direct minimizer of
functional; also all piecewise|
linear convex problems

Quadratic programmin¢Boyd and
Vandenberghe, 2004)

Totalvariation regularization
Convex clustering shrinkage

Direct minimizer of
functional; also all problems
that combine square
likelihood with absolute
regularization loss

Stepwise jump placemeri6ill,
1970; Kerssemakers et al., 2006;
Kalafut and Visscher, 2008)

Stepfitting

Objective steitting
Jump penalization
Robust jump penalization

Greedy spline fit minimizer o
functional

Finite differencindMrazek et al.,
2006)

Total variation regulazation
Total variation diffusion
Convex clustering shrinkage
Mean shift clustering
Likelihoodmean shift
clustering

Soft mean shift clustering
Softk-means clustering
Robust total variation
regularization

Soft mean shift total variation
diffusion

Finitedifferences are not
guaranteed to converge for
nondifferentiable loss
functions

Coordinate descer(t-riedman et
al., 2007)

Total variation regularization
Robust total variation
regularization

Iterated mean replacement
(Cheng, 1995)

Mean shift clustering
Likelihoodmean shift
clustering

Obtainable as adaptive step
size forward Euler
differencing

Weighted iterated mean
replacementCheng, 1995)

Soft mean shift clustering
Sdt likelihoodmean shift
clustering

Obtainable as adaptive step
size forward Euler
differencing

Piecewise linear regularization
path follower(Rosset and Zhu,
2007; Hofling, 2009)

Total variation regularization
Convex clustering shrinkage

Leastangle regression path
follower (Tibshirani and Taylor,
2010)

Total variation regularization

Reverse of piecewise limea
regularization path follower
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Figure 1: Examples of signals that could be modeled as piecewise constant (PWC) signals obscured by noi:
normalized DNA copyumber ratios against genome order from a microartmsed comparative genomi
hybridization study(Snijdes et al., 2001) (b) Cosmic ray intensity against time recorded by neutron mon
(OLoughlin, 1997)c) rotation speed against time of R. Sphaeroides flage(Rilizota et al., 2009)d) pixel red
intensity value against horizontal pixel position for a single scan line from a digital image, (e)vahelktngth
solar Xray flux against time recorded by GGESspace weather satellitéBloom, 2009) and (f) gamma ray
intensity against depth from USGS wireline geological survey wéRiater et al., 2009)
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Figure 2: Noise removal from PWC signals is a task for which no linear filter is efficient, becau
independent noise, the noise and the PWC signal both hafieite bandwidth e.g. there is no maximun
frequency above which the Fourier components of either have zero magnitude. (a) A smooth signal (blu
added noise (grey), constructed from a few sinusoidal components of random frequency and amplitude
PWC signal (bluep A G K | RRSR y2A3aS 03INBeoslkEgx2yasd WUy SR
frequency and amplitude as the smooth signal. (c) (Discrete) Fourier analysis of the noisy smooth signe
a few large magnitude, loirequency components, and the backgralinoise level that occupies the whol
frequency range. (d) Fourier analysis of the noisy PWC signal in (b), showing the safrezjl@ncy, large
magnitude components, but also many other large magnitude components across the entire frequency
(which are harmonics of the square wave components). The black, dotted line in (c) and (d) shov
frequency response (magnitude not to scale) of a-fzass filter used to perform noise removal; this is appli
to the noisy, smooth signal in (e) and the nd®y/C signal in (f). It can be seen that whilst the smooth sign
recovered effectively and there is little noticeable distortion, although noise is removed from the PWC :
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Figure 3: Response of PWC denoising methods to a step of unit height with additive Gaussia
( T®& Y and two extreme outliers. The methods are (a) iterated median filter for total varia
diffusion, (b) total variation regularizatiof  p®), (c) objective stefiitting, (d) mean shift
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robust jump penalizationt ( o81), (m) weighted convex clustering shrinkage (p8t

& ¢, and (n) convex mean shift ( p8ihw & J.
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Figure 4Response of PWC denoising methods to a step of unit height with additive Gaussiar
( T®& Yand linear mean drift. The methods and parameters are as described in Figure 3.



Figure 5: lteration paths for solvers applied to a representatample of PWC denoising methods. The noise Is Gaut
(» ™ 9. The left column shows the final, converged outputs of each method, the right column the associated iteratio
taken towards convergence. The vertical axes are the values of the inpet¢btles) and output (black line) samples, and 1
known PWC signal (thin blue line). The methods and solver algorithms are (a) total variation regularization by piecewvi:
forward regularization path follower, (b) mean shift with adaptive ssée Euler integration, (d-means with adaptive stepize
Euler integration, (d) bilateral filtering with adaptive stejze Euler integration (e) mean shift total variation diffusion w
predictor-corrector twostep integration, (f) jump penalization witforward stepwise jump placement, (g) weighted conv
clustering shrinkage with Euler integration. Method parameters are chosen to give good PWC recovery results.



